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Abstract

It has been showed in [4] that any bipartite graph K, ;, where a, b
are even is decomposable into closed trails of prescribed even lengths.
In this article we consider the corresponding question for open trails.
We prove a necessary and sufficient condition for graphs K,; to be
decomposable into edge-disjoint open trails of positive lengths (less
than ab) whenever these lengths sum up to the size of the graph K, ;.
Let K(’w = K44 — I, for any 1-factor I,. We also prove that for odd
a K , can be decomposed in a similar manner.

1 Introduction

Consider a simple graph G whose size we denote by e(G). Write V(G) for
the vertex set and E(G) for the edge set of a graph G.

A sequence of positive integers 7 = (ti,t2,...,t,) is called admissible for
a graph G if it adds up to e(G) and for each i € {1,...,p} there exists an
open trail of length ¢; in G. Let 7 = (t1, 12, ..., t,) be an admissible sequence
for G. If G is edge-disjointly decomposable into open trails 77, 75,...,T,
of lengths t,%s,...,t, respectively, then 7 is called realizable in G and the
sequence (11,73, ...,T,) is said to be a G-realization of T or a realization of
T G.
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Let K, be the complete bipartite graph with two sets of vertices A and
B such that |A| = a and |B| = b. In our paper we prove a necessary and
sufficient condition for graphs K,; to be decomposable into edge-disjoint
open trails of positive lengths ;,s,...t, for any admissible sequence 7 =
(t1,ta, ...tp).

Such problems were first investigated by P.N. Balister.

Theorem 1 ([1]) Let L =" ¢, t; > 3, with L = (}) when n is odd and

(’;) — g —-2< LK (Z) — g when n is even. Then we can write some subgraph
of K, as an edge union of circuits of lengths ty,...,t,.

Theorem 2 ([2]) The following conditions are both necessary and sufficient
for packing \J_, P, into K,, with endpoints mapped to distinct vertices:

L= orLg(g)—Bifr:O,

L<(3) =% ifr>0andr (orn)is even,

L<(5) —pifr(orn)is odd:

where n = 2p +1r and L = Y 7 l;. In particular, L < (”;1) 15 always
sufficient.

The motivation and application of Theorems 1 and 2 can be found in prob-
lems concerning vertex-distinguishing proper edge-coloring of graphs.

The similar theorem for the closed trails has been proved in [4] by M.
Hornak and M. Wozniak.

Theorem 3 ([4]) Ifa, b are positive even integers, then if > 7 t; = ab and
there is a closed trail of length t; in K.y (for all i € {1,...,p}), then K,
can be (edge-disjointly) decomposed into closed trails Ty, Ty, ..., T, of lengths
t1,t2,...,t, respectively.

This problem is also solved by S. Cichacz for directed bipartite graphs and
bipartite multigraphs, see [3].

We say that a graph G is Fulerian if and only if there exists a closed trail
through every edge of G. Here and subsequently, a trail T of length n we
identify with any sequence (v, v, ..., v,41) of vertices of T" such that v;v; 1
are distinct edges of T" for ¢ = 1,2, ..., n. Notice that we do not require the
v; to be distinct. A trail T is closed if v; = v,41 and T is open if vy # v, 1.
However, closed trail will be regarded as an Eulerian graph of order n. A
graph G is said to be even if the degrees of all its vertices are even. By
Euler’s theorem, a connected even graph is Eulerian (i.e. contains a closed



trail passing through all its edges exactly once).
Let K,, be a complete bipartite graph and let I, denote a 1-factor in
K, .. We denote by K(’w a graph K, , — I,.

2 Decomposition of bipartite
graphs into open trails

There is no loss of generality in assuming that a > b for each complete
bipartite graph K.

Let us observe that in any complete bipartite graph K, different from
Ky, and Ky for odd b does not exists an open trail of length ab. Hence,
p > 2 for each admissible sequence 7 = (4, ..., t,,) for each graph K, ; different
from K ; and Ky for any odd b.

Theorem 4 For each complete bipartite graph K, and for each admissible
sequence T = (t1,...,t,) for K,y there exists a realization of T in K,y if and
only if one of the following conditions holds:

2 a=1or
P a and b are both even.

Let A :={x1,...,x2,} and B := {vy, ..., 0 }.

Necessity. We show that if a > 1 and a or b is odd then there exists an
admissible sequence 7 for K, ; such that there is no realization for 7 in K.
We divide this proof into several parts:

A. Let us assume that a = 2 and b is odd. It can be easily seen that there
exists an open trail of length two in Ky, and because of Euler’s theorem
there exists an open trail of length (20 —2) in K5,. Hence 7 := (2,20 —2) is
an admissible sequence for Ks; but 7 is not realizable in Ky .

B. Let a > 3 and b > 3 be such that one of them is an even and the second
one is an odd integer. Assume first that |A| is odd and |B| is even. Thus,
d(z;) is even for each i € {1, ..., a} and d(v;) is odd for each j € {1,...,b}. Let
G be a subgraph of K, inducing by the set of vertices {x1,v1,va, ..., 051}
(see fig. 1). Let G’ :== K, — E(G;). Observe that the only two vertices in
G’ of odd degree are vy and ;. Thus, in K, there exists an open trail of
length (ab — b+ 1). Moreover, there exists an open trail of length (b — 1),



but a sequence 7 := (b — 1,ab — b+ 1) is not realizable in K, (because if
Ty denotes an open trail of length (b — 1) in K4, then in K,, — E(T}) is at
least four vertices of odd degree). Analogously we show that such sequence
7 is not realizable in K, for even |A| and odd |B|.

Gl G2 G3

Figure 1: Subgraphs G1,G5 and Gj.

C. Let a > 3 and b > 3 be both odd. Let us consider two subcases:

a) a = b. Let Gy be a subgraph of K,, with the vertex set V(Gy) =
{za,...,xq,v1,...,0,} and the edge set F(Gy) = {xovy, xovs, T30s, . . ., 2;0;,

oo, Xae ) (see fig. 1). In K,, — E(G2) there exists only two vertices of
odd degree, namely z; and z,. Hence in K,, is an open trail of length
(a* — a). There is also an open trail of length a in K,,. But the sequence

7 := (a,a® — a) is not realizable in K, ,.

b) a < b. Let G5 be a subgraph of K, , with V(G3) = {x1,..., 24, v1,...,Up_2}
and with E(G3) = {x1v], 2902, T303, . . ., LqUay TaVai1s - - - s TaUb—3, LaVp_2}. Ob-
serve that dg,(z1) = ... = dgy(24_1) = dg,(v1) = ... = dg,(vp_2) = 1 and

des(xe) = b—a—1 (see fig. 1). Hence, in K, — E(G3) the only two vertices
of odd degree are v,_; and v,. This implies that there exists an open trail of
length (ab — b+ 2) in K,;. Obviously, in K, exists an open trail of length
(b—2) but does not exists edge-disjoint decomposition of K, into open trail
of lengths (b — 2) and (ab — b+ 2).

Sufficiency. Assume first that @ = 1. It can be easily seen that K, is
arbitrarily decomposable into open trails of length one and two.

From now on, let us assume that G is any complete bipartite graph K,
such that a and b are even. Let 7 = (t1,...,t,) be a sequence of positive
integers such that >°7_ ¢, = ab and p > 2. We show that there exists a
T-realization in K, ;. We consider the following cases:



A. Let us suppose that ¢; is even for each i € {1, ..., p}.
Case I. Assume now that ¢; is not an even multiplicity of b for each i €
{1,...,p}. Consider a sequence

V= (Ul7$17f027x2av37$17 ceey L1, Vp, T2,

U1, T3, Vo, Tay U3y T3y weey T3Uhy Ly cvey U1y La—1y -ovy La—1, Vpy La, V1)
Clearly, this sequence of vertices creates an Eulerian trail in K, ;. We show

Xl g Vi Xig

V) X2
Vi X3 g

Vg .X4.

Vi1

Vi

Figure 2: Sequence V.

that we can part V' into subsequences V1,...,V, such that for each i € {1, ..., p}
the set of vertices in V; induces an open trail 7; in K, of length ¢; and 71,...,T,
are edge-disjoint subgraphs of K, (see fig 2).

Let us start at the following observation: let W = (wy,...,wg) C V be a
subsequence of consecutive elements of V' such that w; = wy = v; for some
i €{1,...,p}. The set of vertices in W induces a closed trail in K, of length
m - b for some even m < a.

We will define subsequences Vi,...,V,, of V. Let V; contain (¢; 4+ 1) first
elements of V so it starts at v; and its next elements are the consecutive
elements of V up to (¢; + 1)-th element. Let us denote this element by v?.
Observe that it belongs to B (obviously, it is different than vy). Let V5 start
at v? and let it contains next (¢, + 1) elements of sequence V. We denote the
last element of V5 by v3 so Vo = (v?,...,v3). In the similar way we can define
the rest of subsequences V3,...,V,,. The last element of sequence V; we will
denote by v**1. Tt is easy to see that v* € B for each i € {2,...,p}. Thus, a
sequence V; contains the consecutive elements of V', starts at some vertex in
B and finishes at the other for each ¢ € {1,...,p}. Hence, because of above



observation for each i € {1,...,p} the set of vertices of V; induces an open
trail T; of length t; in G. Moreover, T1,...,T,, are edge-disjoint subgraphs of
G.

Case II. Let t; = my - b,....;t; = my - b for some [ € {1,...,p} and for some
even integers my, ..., m;. Suppose first that [ > 2 and let m :=my + ... + my.
Then, consider a sequences:

/.
V9= (xm7vl7x17027x27v37x17 ceey X1, Up, T2,

U1,X3,V2,T4,V3,X3, ..., L3Vp, T4y .-, V1, Tm—1y --+s Tm—1, Ub, xm)
and
"._
V= (Ul,$m+1,U27$m+2,U3717m+17 cooy Tn4-1, Uby Tn4-2,

ey V1, Lg—15 o+ La—1, Upy Lq, Ul)-

Vi
VvV,
Vs

Vi

X

xn'l .
Vyy Yaolg Vi1
Vi Xi g Vp

Figure 3: Sequence V.

This sequences of vertices create edge-disjoint closed trails in G. Let G’ be
a subgraph of G induced by the set of vertices of V/. Hence V' is an Eulerian
trail for G’ which is a complete bipartite subgraph of G. Let us part V' into
disjoint subsequences Vi := (Zp, .oy Ty )y Vi i= (Tmytvmy1s oos Tongtontmy )
fori € {2,....,1—1} and V; :== {4 +my_ys -, Tm). The sets of vertices of V;
induce edge-disjoint open trails 77,...,7; of lengths ¢1,...,t; (see fig. 3).

Let G” be a graph induced by the set of vertices of V”. Observe that G”
is also a complete bipartite subgraph of G with two disjoint sets of vertices
C = A\ {x1,...,x} and B. The vertices of V" induce an Eulerian trail
for G” so we can define the edge-disjoint open trails 7}q,...,7}, of lengths
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Figure 4: Sequence V.

tit1,-..,tp in G” analogously as in case I (see fig 4). Obviously, T3,..,T,, are
edge-disjoint open trails in G.

Let us assume now that [ = 1. Hence, t; = m - b for some even integer m
and t; is not an even multiplicity of b for each ¢ € {2,...,p}. Let us consider
a sequences V" (see fig. 5) and V!V (see fig. 6) such that:

"o
V — (/Ulwrl;U27xQ’U37ZE17U47x27U5"‘7Im—lavb7xaavb—l)
and
v .
V = (Ub—l’xa—la Vp—2,Lq, Vp—3, Lq—1,Vp—4,Lq, ---, V1, Lg—1, Up

Lg—2,Vp—1,Tq—3,Vp—2,--.,La—2,V1,L-3, Vb, - ..

Tm+2, Vb—1, Tm41, Ub—2, - - -y Tm42, U1, Tim+41, Uby Tm,s U1)~

Observe that the vertices of V" induce an open trail T} of length ¢;. More-
over, nearly each subsequence which contains consecutive vertices of V¥ and
start and finish at the same vertex v; for any ¢ € {1,...,b} induces a closed
trail of length k - b for some even integer k. The only exception is the set of
five last vertices {v1, Tp11, Vp, Tm,v1} which induces a closed trail of length
four in G. Suppose now that there exists j € {2,...,p} such that t; # 4.
Without loss of generality we can assume that ¢, # 4. For such admissible
sequence 7, applying analogous methods as in case I, we can define the open
trails T5,..., T}, of length ts,...,t, in G such that T1,...,T,, are edge-disjoint sub-
graphs of G. Assume now that t; = 4 for each i € {2,...,p} and b > 4. The



Figure 6: Sequence V1V,

vertices of a sequence
VV = (vg, T2, V3, T1, Vs, T, Vs, ooy Trne1, Vb, Tas Up—1, Ta—1, Vp—2)
induce an open trail of length #; in G. Consider a sequence
VY= (0h_2, Ta, Vo_3, Ta—1, Vp—4, Ta, ..

V1, Ta—1s Vby Ta—2y Vb—1s La—3y Ub—2 -y Tmt1s Vpy Timy U1, L1, Va).

(see fig. 7 and 8) Let us part V'V into (p — 1) sets, each of them containing
five consecutive elements of it. Then these sets induce edge-disjoint open
trails of length four in G. A decomposition of G = K, 4 into edge-disjoint
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Figure 8: Sequence V'V,

open trails for 7 = (8,4, 4) we show in figure 9.

B. Suppose now that some of elements of 7 are odd. Without loss of gen-
erality we can assume that ¢;,....t; are odd for some [ < p and #;44,...,t, are
even. Observe that [ is even so there exists a positive number k£ such that
[ = 2k. Let us define d; := t9;_1 + to; for ¢« € {1,...,k}. Consider a se-
quence 7' := (dy, ..., di, tog41, ..., tp }. Applying the same arguments as above
G is decomposable into open trails Dy,...,Dy, Togi1,... T, of lengths dy,...,dx,
tok+1,-.-,tp. It is easy to observe that each open trail D; we can part into two
edge-disjoint open trails T5;_1, T5; of lenghts ta;_1, to;. Hence, T7,...,T), is a
G-realization of 7 and the proof is finished. O



Figure 9: A decomposition of K,4 into edge-disjoint open trails for 7 =

(8,4, 4).

Let us consider now a complete bipartite graphs K,, for odd a. By the
previous theorem such graphs are not arbitrarily decomposable into open
trails but we can proof the following theorem:

Theorem 5 For any odd a a graph K! = is decomposable into open trails of

a,a

lengths ti,...,t, for each admissible sequence T = (ty,...,tp).

Let G be a bipartite graph Kj, , with odd a. Observe that p > 1, because

there is not exist an open trail of length (a® —a) in K, ,. Let A := {x1, ..., 2,}

and B := {vy,...,v,}. Let I, be the matching such that x;v; € I, if and only

if j = 4. Let 7 = (t1,...,t,) be a sequence of positive integers such that
P ti=1a®>—aand p > 2. The proof of this theorem is analogous to the

proof of Theorem 4.

Let us suppose first that ¢; is even for each ¢ € {1,...,p}. We consider two

cases:

Case I. Assume now that t; is not an even multiplicity of a for each ¢ €

{1,...,p}. Let us consider a sequence (see fig. 10)

U:= (Ulu Lg,V2,T1,V3,T2,...,V1,Vq,X2,V1,T3,V2,T4,V3,Lq,V4y ..., T3, Vg, T4, ...,
V1, T5,UV2, Ljt1y---3Lit1,Viy Ly Vit1,Liy Vit2y, LTig1y---,LiyVay Lit1y-- -,
V1, Lq—2,V2,Tg—1y+++3yLa—1yVa—2;Lay Vag—1;Lq—2, Vg, xa—l)-

This sequence of vertices creates an Eulerian trail in K,, — I,. Let W =
(w1, ...,wi) C V be a subsequence of consecutive elements of U such that
wy = wg = v; for some i € {1,...,p}. The set of vertices in W induces a
closed trail in K, , — I, of length m - a for some even m < a.

We will define subsequences Vi,...,V, of U analogously like in the proof of
Theorem 4. So let V] contain (t; + 1) first elements of U. Hence it starts at
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Figure 10: Sequence U.

vy and its next elements are the consecutive elements of U up to (¢; + 1)-th
element. Let us denote this element of B by v?. Let V5 start at v? and
let it contains next (fy + 1) elements of sequence U and so on. For each
i € {1,...,p} the set of vertices of V; induces an open trail T; of length ¢; in
G and T1,..., T, are edge-disjoint subgraphs of G.

Case II. Let t; = my - a,...,t; = my - a for some [ € {1,...,p} and for some
even integers my, ..., m;. Suppose first that [ > 2 and let m :=my + ... + my.
Then, consider a sequences

/.
U = (xm7vla Lg,V2,T2,V3,T1, ..., L1, Vg, L2,V1,X3,V2,T4,V3,Lq, V4, T3, ..,

T3y, Vqy Lgyeeey U1y Ly V2 Ljt 1y ooy Lit1yViy Lgy Vig 15y Ly Vit 2y L1y o oo 5 Ly Ugy Lig1y+ + - s
V1, Tm—1,V2,Tmy -+« s Tmy Um—1, Lay Ums Tm—1; Um+1, Ty - -« y Tim—1, Vq, :L‘m)

and
"o,
U = (Ul7 xm+17 Vg, $m+27 U3, $m+17 CIC 7xm+27 Um-i—l) Lq, Um+27 :Bm—i-la Um+3> $m+2> ce

Tm+15Vay 425+, V1, Li, V2, Tig 1, - - -
Lit1, Viy Lay Vig 1y Liy Vig2y Tid1y« » 5 iy Vay Ligly - o -5 V1, La—2,V2, La—15- -,
La—1,Va—2;La; Va—1, La—2, Va, xa71>7 ey U1, Tg—1, -y La—1, Vb, Lq, Ul).

This sequences of vertices create edge-disjoint closed trails in G. Let G’
be a subgraph of G induced by the set of vertices of U’. Hence U’ is
an Eulerian trail for G'. Let us part U’ into disjoint subsequences V; :=

(T ooy Ty )y Vi = (Tingtotms_ 1 oos Ty +my) for @ € {2,..,1 — 1} and

11



Figure 12: Sequence U”.

Vi = {Tmyt..tmy_ys - Tm). The sets V; create the sets of vertices of edge-
disjoint open trails T71,..., T} of lengths ¢1,...,¢; (see fig. 11).

Now, let G” be a graph induced by the set of vertices of U”. Observe
that G” is a complete bipartite subgraph of G with two disjoint sets of ver-
tices C':= A\ {1, ...,z } and B (see fig. 12). The vertices of U” induce an
Eulerian trail for G” so we can define the edge-disjoint open trails 7}1,...,7),
of lengths t;,1,...,t, in G”.

Let us assume now that [ = 1. Hence, t; = m - a for some even integer m
and t; is not an even multiplicity of a for each i € {2,...,p}. Let us consider
a sequences

"o
U" := (v1, x4, V2, T2, V3, T1, Vg, T2, Vs, - -+, Tin—1, Vas Ta—2, Va—1)

12



and
v . __
U = (Ua—la La;Vg—2,Lq—1,UVp—3,.-.,V1,Tq-1,Vq, - - -

LTg—4,Va—-1,Tq-3,Va—2,Ta—4,Vq—3,La, Vg—4,Lq—3,Vag—5,+ -,

xm+17 Ua717 $m+27 ,Ua727 $m+17 e avla xm+27 Ua7 l’m, Ul)'

Observe that the vertices of U” induce an open trail T} of length t; (see

Vy Xig

vm xm

Va—Z X a-2

Figure 13: Sequence U".

Vi
V,

Vit

Vm+2

Figure 14: Sequence UV .
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fig. 13). Moreover, nearly each subsequence which contains consecutive ver-
tices of UV and start and finish at the same vertex v; for any i € {1,...,b}
induces a closed trail of length k - a for some even integer k (see fig. 14). The
only exception is the set of five last vertices {vy, Ty 2, Va, Tm, v1} which in-
duces a closed trail of length four in G. Suppose that there exists j € {2,...,p}
such that ¢; # 4. Without loss of generality we can assume that ¢, # 4. For
such admissible sequence 7 we can define the open trails T5,...,7,, of length
tg,...,t, in G such that Ti,...,T, are edge-disjoint subgraphs of G. Assume
now that t; = 4 for each i € {2,...,p}. The vertices of a sequence

UV .= (02,$1703,$2,U4,x1,vsa "'7xm71avaaxa72>vaflaxaava72)
induce an open trail of length t; in G (see fig. 15). Consider a sequence
UVI = (va727 Lq—1,Va-3,La—2,Vg—4y -+,
Lg—2,V1,Ta—1,Va; La—4,Va—1,Ta—-3,Va—2; La—4, Va—3, - - -,

xm-{-la U1, $m+2, Vas T,y V1y La, 1}2)'

Let us part UY7 into (p — 1) sets, each of them containing five consecutive

Figure 15: Sequence U

elements of it. Then these sets induce edge-disjoint open trails of length four
in G (see fig. 16).

Suppose now that some of elements of 7 are odd. It is obvious that there
are even number of odd elements in 7. Analogously like in Theorem 4 we
can "glue” odd parts creating an element of even length. Hence the proof is
finished. ([l
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vm+2

NS V,-_1

Figure 16: Sequence U"Z,
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