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Edge-disjoint open trails in complete bipartite

multigraphs

Sylwia Cichacz, Agnieszka Görlich

University of Science and Technology AGH, Al. Mickiewicza 30, 30-059 Kraków, Poland

Abstract. Let rKa,b be a complete bipartite multigraph. We show a necessary and sufficient
condition for a multigraph rKa,b to be arbitrarily decomposable into open trails. A motivation
for us to investigated this problem is a paper of Balister [1].
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1. Introduction

In this paper we shall deal with complete bipartite multigraphs. In [1] Balister showed
that any complete graph Kn for odd n and Kn − I, where I is a 1-factor in Kn for n
even is decomposable into closed trails. Horňák and Woźniak [6] proved that for even a, b
complete bipartite graphs are arbitrarily decomposable into closed trails. The notion of
arbitrarily decomposable graphs into closed trails were generalized to oriented graphs (see
Balister [2] and Cichacz [3]). There are also some classes of graphs known to be arbitrarily
decomposable into open trails. In [4] we proved a necessary and sufficient condition for

digraphs
−→
Kn and

−→
K a,b to be decomposable into arc-disjoint open trails.

Let us consider a graph G, whose number of vertices we call the order and number of
edges we call the size of G and denote by ‖G‖. Write V (G) for the vertex set and E(G)
for the edge set of G. A multigraph rG is a graph obtained from G such that each edge
in G occurs with multiplicity r in rG.

A trail T of length n we identify with any sequence (v1, v2, . . . , vn+1) of vertices of T
such that vivi+1 are distinct edges of T for i = 1, 2, . . . , n. Notice that we do not require
the vi to be distinct. T is open if v1 6= vn+1 and T is closed if v1 = vn+1. For an open
trail T = (v1, v2, . . . , vn) the vertices v1 and vn we call the end vertices of T . Let T1 and
T2 be two edge-disjoint trails such that T1 = (v1, ..., vi) and T2 = (vi, ..., vn) are open or
let T1 = (v1, ..., vj, vj+k, ..., vn) be an open trail and T2 = (vj, vj+1, ..., vj+k−1, vj) for some
j ∈ {1, ..., n} and some k ≥ 2 be a closed trail. Then T1 ∪ T2 denotes a trail (v1, ..., vn).
We say that the trail T := T1 ∪ T2 is constructed by gluing the trails T1 and T2.

A sequence of positive integers τ = (t1, t2, . . . , tp) is called admissible for a graph (or
multigraph) G if it adds up to ||G|| and for each i ∈ {1, ..., p} there exists an open trail
of length ti in G. Let τ = (t1, t2, . . . , tp) be an admissible sequence for G. If G is edge-
disjointly decomposable into open trails T1, . . . , Tp of lengths t1, t2, . . . , tp, respectively,




