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Abstract

Let H = (V,E) be a hypergraph of order n. A distance magic
labeling of H is a bijection {: V' — {1,2,...,n} for that there exists a
positive integer k such that 3, v, l(z) = kforallv € V, where N (v)
is the neighborhood of v. In this paper we deal with (7, t)-hypercycles.
It was proved that (1, 2)-hipercycle of order n is a distance magic graph
if and only if n = 4 ([7]). In this paper we solve the similar problem
for t = 3,4.
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1 Introduction

A hypergraph H is a pair H = (V, E) where V is a set of vertices and F is a
set of non-empty subsets of V' called hyperedges. The order of a hypergraph
H is denoted by |H| and the size is denoted by ||H||. If all edges have the
same cardinality ¢, the hypergraph is said to be t-uniform. Hence a graph
is 2-uniform hypergraph. Two vertices in a hypergraph are adjacent if there
is an edge containing both of them. The neighborhood Ny (zx) of a vertex
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x € V(H) is the set of vertices adjacent to x.

The (r,t)-hypercycle, 1 < r < ¢t — 1, is defined as t-uniform hypergraphs
whose vertices can be ordered cyclically in such a way that the edges are
segments of that cyclic order and every two consecutive edges share exactly
7 vertices [6].

Distance magic labeling (also called sigma labeling) of a hypergraph H =
(V,E) of order n is a bijection {: V(H) — {1,2,...,n} with the prop-
erty that there is a positive integer k (called magic constance) such that
> yeNy(@ ((y) =k for every x € V((H). If a hypergraph H admits a distance
magic labeling, then we say that H is distance magic hypergraph.

The idea of distance magic labelling of a graph has been motivated by the
construction of magic squares. Finding an r-regular distance magic labeling
turns out equivalent to finding equalized incomplete tournament EIT(n,r)
2]. A fair incomplete tournament of n teams with k rounds is a tournament
in which every team plays exactly k£ other teams and the total strength of
the opponents that each team misses during the tournament is the same for
all teams. For a survey, we refer the reader to [1].

The following observations were independently proved:

Observation 1 ([5], [7], [8], [9]) Let G be ar-regular distance magic graph

on n vertices. Then k = T("TH)

Observation 2 ([5], [7], [8], [9]) No r-regular graph with r-odd can be a
distance magic graph.

It was proved in [7]:

Theorem 3 ([7]) The cycle C,, of length n is a distance magic graph if and
only if n = 4.

In this paper we consider the corresponding problem for (r, t)-hypercycles.
We show that if r < % then the (r,t)-hypercycle is not distance magic. We
will give also some results for (t—1,t)-hypercycles. In particular we complete
solve the case for ¢t € {3,4}.

The paper is organized as follows. In the next section we show corre-
spondence between distance magic labeling (r, t)-hypercycles of order n and
distance magic labeling of some graphs. Some preliminary lemmas will be
proved in the third section. In forth section we characterize whenever C? for
p = 2,3 is distance magic graph. The main result and open problems are
stayed in the last section.



2 Equivalent problem

For a hypergraph H of order n we define a graph Gy as follows V(Gy) =
V(H) and z;x; € E(Gp) in and only if there exists an edge e € E(H)
such that z;,z; € e. Let I': V(H) — {1,2,...,n} be any bijection. Define
1: V(Gu) — {1,2,...,n} such that {(z;) = I'(z;). Notice that >° ) I'(y) =
Y e Ne (@) [(v). Hence H is distance magic hypergraph if and only if Gy is
distance magic graph.

The pth power of a graph G is a graph G? with the same set of vertices
as GG and an edge between two vertices if and only if there is a path of length
at most p between them. In this paper we will consider the pth power of a
cycle C,,. Notice that C? is 2p-regular graph.

Notice that if H is (¢t — 1,t)-hypercycle then Gy = C!1.

3 Lemmas

In this section we present several useful lemmas.
Let w(z) = 32 cny () Hy) for every z € V(H). We start with the observa-
tions:

Observation 4 Let C? be distance magic graph with magic constance k,
then for any v € N:

I(wo) + l<xp+1) = l(xp) + l<x2p+1) == (xw,) + l(x(v—kl)p-&-l) = ki,
Uz1) + Uxpr2) = Uzpyr) + Udopra) = - = UTppr1) + UT(yr1)pr2) = Ko,
Wzp-1) + U(w2p) = Umgp1) +(23p) = - = Z(ZE('erl)pfl) + l(x('er?)p) = ky.

andk1+k2—|—+kp:k:

Proof. Since C? is distance magic we obtain that w(zg) — w(z1) = w(zy) —
w(xe) = ... = w(xry—1) — w(rg) = 0. Hence w(z;) — w(wit1) = l(xi—p) +
l(l’prl) — (l(il?z) -+ l<$i+1+p)) =0 fori e {O, 1, ce ,Tl}. |

Observation 5 Let C? be distance magic graph, then for anyi € {0,1,... ,n—
1}:

Uwg) + Uwigr) + oo+ U Tigp1) = UTigopra) + UTigaprs) + -+ HTigspi).



Proof. Since C? is distance magic we obtain that w(x;4,) — w(Zis2p+1) = 0. R

We show now some families of graphs C? which are not distance magic.

Lemma 6 If ged(2p +2,n) = 1 and n > 2p + 1, then C? is not distance
magic graph.

Proof. Since ged(2p+2,n) = 1 then by Bézout’s lemma there exist coefficients
a, 3 such that a(2p 4+ 2) + fn = 1. It follows that

0+ a(2p+2) = 1(modn)
1+ a(2p+2) =2(modn)

(1)

p—1+a2p+2)=p(modn)

Suppose that C? is distance magic, by (1) and Observation 5 we obtain that
Wzo) +U(x1) + -+ -+ Uap—r) = U(w1) + Uzz) + -+ - + Uzy).
Furthermore {(x) = I(z,), a contradiction. |

Lemma 7 Ifged(2p+2,n) =p+1 andn > 2p+ 1, then CP is not distance
magic graph.
Proof. Since ged(2p 4+ 2,n) = p + 1 then there exist a, § such that a(2p +
2) + fn =p+ 1. It follows that
0+ a(2p+2) =p+ 1(modn)
1+ a2p+2)=p+ 2(modn)
: (2)
p—1+a2p+2)=p(modn)

Let C? be distance magic graph with magic constance k, then by (2) and
Observation 5 we obtain that

Uzo) + U(zy) 4+ -+ Uwpo1) = Uaprr) + Uxpi2) + -+ -+ 1(xey) =

DO | T

Analogously by (2) and Observation 5 we obtain I(z1) +1(z2) + -+ +{(x)) =
Uzpia) + U(zpys) + -+ + U(zops1) = £. Tt follows that I(z1) = I(z,), a contra-
diction. |



Lemma 8 [f ged(p,n) = 1 and n # 2p + 2, then C? is not distance magic
graph.

Proof. Since ged(p,n) = 1 then there exist coefficients «, 8 such that an +
Bp = 1. Suppose that C? is distance magic. By Observation 4 we obtain
that

@o) + Uwpr) = U(xp) + Uzopr) = -+ = Ha—(g41)p) + Uz—gps1) = ka
Applying —8p+1 = 0(mod n) we have l(z,41) = l(z,—p—1). Since n # 2p+2,
a contradiction. [

Lemma 9 If p is odd and n > 2p(p + 1), then CP is not distance magic
graph.

Proof. Suppose that C? is distance magic. Let k be a magic constance for
CP. Then by Observation 4

I(xo) + U(wpy1) = Uxp) + U(T2ps1) = l(%p) + U e1pr1) = ki,
I(x1) + U(wpy2) = Uxpyr) + l(l“2p+2) = UZyps1) + UT(yg1)pr2) = k2,
Hwp1) + (o) = Uwop1) + Uwsp) = - = UT(y11)p-1) + UT(y12)p) = Kp,

andk1+k2+~~-+kp:k.

Let l(ZEo) = k’o, then:

W) = Z(_l)j_iki

for j =1,2,...,p. If pis odd then l(zppi1)) = kp—kp_1+kp—o—- -+ k1 —ko.
It follows that

l(l‘(p_H)( ):—]{Z +l{3p 1—/€p 2+ - +/{52+k‘0
l( Z(p+2)(p+ )—/{3 k‘p 1—{—]{7 +l€3—l€0

l($2p(p+1)) = ko

It follows that I(xg) = [(@2pp+1)) = ko, a contradiction. |

The following lemma shows that there exist infinitely many p’s such that
(3,4 admits distance magic labeling.



Lemma 10 Ifn = 2p + 2, then C? is distance magic graph.

Proof. Let
l(xo) =1, l(x1) =2, l(x9) = 3, oo U(zy) =p+1,
Uzpr1) =mn, Uxpre) =n—1, Uzpys) =n—2, ... U(&opia) =p+2.

Notice that k = p(n + 1) = 2p(p + 1). Observe that 3 .\ I(y) =
8 _ 1) — Hagspsnmotn) = 52 — (14 1) = o + 1) for cvery

T; € V(C§p+2). m
4 Distance magic labeling for C? and C?

Observe that if n < 2p + 1 then C? = K, that is not distance magic. From
now on we will assume that n > 2p + 1.

Theorem 11 A graph C? is not distance magic graph unless n = 6.

Proof. There exists distance magic labeling of Cg by Lemma 10.

Let now n > 6. By Lemma 8 we can also assume that n is even. Assume
that C? is distance magic. If k is a magic constance for C2, then k = 2(n+1).
We will consider few cases on congruency on n modulo 6.

Case 1: n = 0(mod6)
Let n = a6 and « > 1. By Observation 4 we obtain:

/\

\_/
+
o~

/—\

\_/
Il

= l(x ky
l(:vl)+l(:v4):l(x3)+l(x6): :l( )+l( ) l

Putting [(x¢) = ko, we have:

Lab— 1) + l(ﬂfz) k’g

l(xﬁz) = Zk’g — Zk‘l + ko
l(.fCGH_g) = —Zkg + (Z -+ 1)]€1 — ko

forj=1,2,...,a—1.
Hence l(z46-3) = —(a—1)ko+ak; — ko. Furthermore because ko = I(z46-3)+
[(xg) = —(a—1)ko+ak; we obtain that k; = ko. It implies that I(zg) = I(x),



a contradiction.

Case 2: n = 2(mod 6) or n = 4(mod 6)
By equation (5) we obtain:

Uzo) + U(z1) = U(xo) + Uzs) = U(zg) + U(xs) =+ = Uxp_2) + l(xn1) = k1
and
Z(Il) + l(ZEQ) = l(lL‘g) + Z(IL‘4) = l(l’5) + l(l’ﬁ) == l([L‘n_1> + l(lL‘()) = ]{32

Since I(z0) + 1(x1) + l(x3) + (x4) = k, ko + ko = k. Let I(zo) = ko, then:
l(.’l]gprl) = (2’l + 1)]{?1 — ik — ]C(]

for i = 0,1,...,%2. Hence l(z,—1) = (n — 1)k1 — (n — 2)k — ko. Recall
that {(z,—1) + {(zo) = k — k1. It implies that k; = ko = £ and moreover
l(xo) = l(x2), a contradiction. [ |

Theorem 12 A graph C? is not distance magic graph unlessn =8 orn =
24.

Proof. By Lemma 9 we can assume that n < 24.
Suppose first that n = 24, then let

[(xg) = z) =7, lx2) =15, Il(zs) =05, Uzxg) =22, I(x5)=
l(l’ﬁ) = 1]_ l(iL"y) = ]_9 l(l‘g) = 3, l([L‘g) = 8, l(fL’lo) = 1 s Z(ZEH) = 6
l(aﬁlg) = 23 l(l’lg) = 16, l(x14) = 12, l($15) = 20, l(ﬂflﬁ) = 1, l($17) = 9,
l(l’l ) = 14 l(l’lg) = 4, l(l’go) = 24, l(l’gl) = 17, l(l’gg) = 10, l(&?gg) 21.
It is easy to check that function [ defined above is a distance magic labeling
for C3,.
Let now n < 24. For n = 8 by Lemma 10 there exists distance magic
labeling of C3. By Lemmas 6, 7 and 8 we need to consider only case when
n = 18. Assume that C}; is distance magic. Let k be a magic constance for
C3s.
By Observation 4 we obtain:
l(ﬁo) + l($4) = l(l‘g) + l($13> (I ) (Z‘w) = l($15) + 1(331) = /{31
(1) 4 U(25) = l($4) + U(ws) = U(wr) + U(z1) = U(z10) + 1(w1a) = U(213) + U(217) = k2
Ww2) 4 U(wg) = U(ws) + U(wg) = Uxs) + U(z12) = Uan1) + U(215) = U(214) + U20) = k3



Putting [(x¢) = ko and [(z5) = k{, we have:

l(.T4) = ]{31 — ]{50, l(l’g) = ]Cg — kl + k(], l(l’u) = /{33 — /{72 + k?l — ]{50,
l([L’@) = kg — ké, l(l‘lo) = ]{?1 — ]{33 + ké, l(l’14) = l{ig — ]{?1 + k?g — ké

Since [(x14) + l(z9) = ks we obtain k) = ko — k1 + ko what implies that
l(xg) = ks — ko + k1 — ko = l(x12), a contradiction. [ |

5 Distance magic labeling for (r, t)-hypercycles

We will start this section with few observations:

Observation 13 Ift > 2 and r < % then (r,t)-hypercycle is not distance
magic.

Proof. Let H be a (r,t)-hypercycle of order n and size m. It easy to check
that if ¢t = 3 and m = 2, then H is not distance magic hypergraph. Let
m > 2 or t > 3 and construct a graph Gy as in Section 2.

It follows that there exist z,y € V(Gp) such that they are adjacent and
Ng,, () = (Ng, (y) \ {z}) U{y}. Suppose that Gy is distance magic graph,
then in particular the magic constance k = ZveNGH ) L(v) = ZweNGH (o L(W).
Hence I(z) = I(y), a contradiction. |

Observation 14 [ft is even then (t — 2,t)-hypercycle is not distance magic.

Proof. Let H be a (r,t)-hypercycle of order n and size m. Let construct a
graph Gy as in Section 2. Observe that if ¢ is even the graph Gy is (2t — 3)-
regular graph. By Observation 2 Gy is not distance magic. [ |

Now we will prove our main theorem:

Theorem 15 Ift € {3,4}, then (r,t)-hypercycle of ordern is distance magic
if and only if r =t — 1 and one of the following condition holds:

e r=2andn =6,

e r=3andn =8 orn=24.



Proof. Let H be a (r,t)-hypercycle of order n and size m. Let construct a
graph Gp as in Section 2. Recall that if r = ¢ — 1 then Gy = Ct 1.
Suppose first that t = 3 by Observation 13 and Theorem 11 H is distance
magic if and only if r = 2 and n = 6.
Let t = 4, then by Observations 13, 14 and Theorem 12 H is not distance
magic unless r = 3 and n = 8 or n = 24. [ |

Since for H to be (t — 1,t)-hypercycle of order n we have Gy = C'~1 it
is worthy also to notice the facts that follows immediately by Lemmas 6, 8,
9 and 10:

Corollary 16 Let H be (t — 1,t)-hypercycle of order n then:
o [fgced(2t,n) =1 then H is not distance magic hypergraph.
o [fged(t—1,n) =1 andn # 2t then H is not distance magic hypergraph.
o [ft is even and n > 2t(t — 1) then H is not distance magic hypergraph.
e [fn =2t then H is distance magic hypergraph.
At the end of the section we will put the following open problems:

Problem 17 Decide if (r,t)-hypercycle of is distance magic hypergraph for
t

s<n<t—2

2 —_—

Problem 18 Decide if (t — 1,t)-hypercycle of order n is distance magic hy-
pergraph for t even and 2t < n < 2t(t — 1).
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